Radiative transfer for a three-dimensional
raining cloud

J. L. Hafermar. W. F. Krajewski, T. F. Smith, and A. Sanchez A.

Satellite-sensor-based microwave brightness temperatures for a three-dimensional raining cloud over a
reflecting surface are computed by using a radiative transfer model based on the discrete-ordinates
solution procedure. The three-dimensional model applied to a plane layer is validated by comparison
with results from a one-dimensional model that is available in the literature. Results examining the
effects of cloud height, rainfall rate, surface reflectance, rainfall footprint area, and satellite viewing
position on one- and three-dimensional brightness temperature calculations are reported. The numeri-
cal experiments indicate that, under certain conditions, three-dimensional effects are significant in the
analysis of satellite-sensor-based rainfall retrieval algorithms. The results point to the need to consider
carefully three-dimensional effects as well as surface reflectance effects when interpreting satellite-

measured radiation data.
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Introduction

The spatial distribution of rainfall around the Earth
is indicative of energy transport patterns: in the
atmosphere -1. has important implications for global
climatic modeling.! Quantitative observations of
rainfall over ¢, 'n ocean provide a direct estimation of
the amount of ' ‘ent heat released to the atmosphere,
whicn is a sigr cant component of the atmospheric
energy bu’ et For obvious reasons, satellites offer
the only vial. means of estimating global oceanic
rainfall. Satell.se-based methods of rainfall estima-
tion, however, are indirect in that the satellite sen-
sors measure radiation energy and not rainfall. The
measured radiation energy is the result of many
processes, not only rainfall. For example, in the
visible band of the spectrum, a sensor detects clouds
but not necessarily the rain produced by the clouds.
The inversion of satellite-measured radiation #to
rainfall rates car. be accomplished in many ways:that
are reviewed b: Arkin and Ardanuy.? At the present
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time, the most promising approach to oceanic rainfall
estimation is through the use of microwave observa-
tions from the Defense Meteorological Satellite Pro-
gram (DMSP) polar-orbiting satellite. In the micro-
wave part of the spectrum, the ocean looks cold and
provides a good background for the warm-looking
rainfall. Several researchers have demonstrated the
usefulness of the microwave channel in a quantitative
estimation of rainfall.3>® To better understand the
uncertainties in the interpretation of microwave ob-
servations, it is necessary to develop simulation tools
that can account for small-scale variability of rainfall
and the associated processes of emission and scatter-
ing that are due to rain and cloud liquid water and ice
droplets. At microwave frequencies, the footprint of
the DMSP satellite is rather large (69 x 40 km at
19.35 GHz): therefore, the subpixel variability is an
important component of the overall error in the
rainfall estimation. Proper analysis of these effects
can be achieved by using a three-dimensional radia-
tive transfer model. The need for such a model is
further emphasized by planned satellite missions of
tropical zone radiation and rainfall observations.!
Three-dimensional models of radiative transfer in
raining clouds are limited. Passive microwave mod-
eling of convective clouds and rainfall’® considered
three-dimensional cloud structures but only one-
dimensional radiative transfer. Wilheit et al.® devel-
oped a one-dimensional radiative transfer model for
determining microwave brightness temperatures as
functions of rainfall rates. Kummerow and Wein-
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man* and Weinman and Kummerow!? presented simi-
ulations by using a two-layer, plane-parallel radiative
transfer model for precipitating clouds.

The objective of this paper is to examine the
microwave brightness temperature for a three-
dimensional raining cloud. The atmospheric system
considered, which is depicted in Fig. 1, consists of a
cloud, a rain cell, a surface, and the atmosphere.
The cloud is a finite layer with base and top heights of
H, and H,, respectively, and length L. for the x and z
directions, and has the same structure as that given
by Wilheit et al.? The rain has a footprint area of
L, x L,, a rainfall rate R, and extends from -the
bottom of the cloud to the surface. A single rain cell
and cloud are considered.. The surface is isothermal,
opaque, and diffusely emitting and reflecting. The
atmosphere is composed of radiatively participating

water vapo: and oxygen and other radiatively trans-
parent ga: . Specific values of the parameters are
cited belov. The microwave brightness temperature
corresponc .o the equivalent blackbody temperature
of the upv lling radiant intensity at the cloud top
I(x, H,, z, w; , where oy denotes the direction of the

sensor. The brightness temperature is sought as a
function of the rain footprint area, rainfall rate, and
cloud top height.

The governing equations are introduced in the next

. section. ' The solution methodology is then reviewed.

Values for the parameters appearing in the formula-

tion of the raining cloud systems are cited. Results

and discussion are then presented.

Governing Equations

The continuous forms of the governing éqilations are
presented to illustrate the types of equation being
solved by the numerical model. The equations con-

sist of the radiative transfer equation for the radiant

intensity and the boundary conditions. Spatial and
sensor: I(x,H,z,dq)
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Fig. 1. Geometry for a raining cloud.
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spectral variations of the rad1ant propertles and’
energy terms are allowed.

The propagation of radiation along a line-of-sight
direction { is described by the radiative transfer
equation. For unpolarlzed radiation, the change in
the radiant intensity I({) in the w d1rect1on is ex-
pressed by the radiative transport equation, which is
stated by

dr
ag = ~RIE) + S(0), (1)

where the radiation source function is

S(0) = aly + 5 f I, 50, o)do’.  (2)
0

The spatial and wavelength dependencies of all radi-
ant energy and property quantities are understood.
The primes denote an incoming quantxty In Eqgs.
(1) and (2), B is the extinction coefficient given by the
sum of the absorption coefficient @ and the scattering
coefficient s, ® is the scattering phase function for
radiant energy that is incident within solid angle '
about the »' direction and scattered into solid angle w
about the @ direction. The scattering phase func-

: tlon is normahzed such that

ﬁf : P(w', ®)dw = 1. (3)

0

-The ,boundary condition for the radiant intensity at

the surface (z = 0) and for the w direction is expressed

tas

2

Po S
;+=eoz,,++—1;fo I(®

n'do’. (4)

In Eq. (4), the superscripts + and — indicate radiation

.going from the boundary toward the medium inside
-the domain and from the medium toward the bound-
ary. The surface has an emittance ¢,, a blackbody

intensity I,*, which depends on the temperature of
the surface, and a diffuse reflectance po(=1 — €).
The cosine of the angle between the direction of
propagation of I- and the normal to the surface is 1.
All other boundaries are transparent to radiation and
have no radiant energy sources.

Solution Methodoiogy
In view of the complexities inherent in Eqs. (1)—(4),

_ solutions for the radiant intensity are sought by using

a numerical procedure. One such procedure that
has a wide range of capabilities is the discrete-
ordinates method. ' Several formulations of the dis-
crete-ordinates method are available.!-17 The pre-
sent formulation has been extracted from Sdnchez et

- al.l’  The dlscretlzed form of the radiative transport

equation in Eq. (1) is obtained by subdividing the
entire three-dlmensxonal domain mto ‘cubical control
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volumes anu discretizing the direction of propagation
oftheradian' intensity. Typical control volumes are
shown'in F'i;; 2, where control volume P with differen-
tial volume .V = AxAyAz is of interest. Control
volume P is surrounded by six adjacent control
volumes labeled W (west), E (east), S (south), N
(north), F (front), and B (back) with associated inter-
faces of w, e, s, n, f, and b. Each control volume is
homogeneous, and nonhomogeneities are accounted
for by assigning different radiative properties to the
control volumes. :

In terms of the reference intensities, the average
intensity I.” for control volume P in discrete direction
¢ 18 given by

i xr 8i yr i zr
EI‘ +EI,~ +Z—zl" + aS
If = P ’ (5)
— 4+ —+—+a

Ax Ay Az B

where the direction cosines p;, ;, and v; ‘are for the x,
¥, and z directions, respéctively. The superscript r
designates the interface from which the radiant en-
ergy origina!os for the indicated coordinate. In Eq.
(5), the finite difference weighting factor « is taken as
unity.!” Th. intensities arriving at the end faces
(which becom the reference intensities for the neigh-
boring contrc! volumes) are recovered from

Iz = I + (a = D[] /o (6)
Expressions for y and z are written by interchanging x

with y and z. The source term is composed of the
emission and inward scattered intensities, and is
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Fig.2. Control volumes.

1

expressed by

S K

S = al,? + — > wilfdy, (7)

41 Jj=1

where K represents the total number of discrete
directions and w; is the angular quadrature weight for
direction j. The boundary condition from Eq. (4)
becomes :

It =l + 2 S 10w, 8)
™ 0;<0

With the radiative transfer equations discretized, a
solution is obtained by solving for the radiant intensi-
ties, given the boundary conditions and radiative
properties. ,

The quadrature Set selected is the level sequential-
odd quadrature. The discrete ordinates are referred
to as S-N, where the total number of directions is
K = N(N + 2). Quadrature sets are generated from
a computer code and agree with those listed by
Fiveland.’® Results presented below are produced
by using N = 6.

For energy to be conserved, the quadrature set
must accurately integrate the scattered intensities,
that is, the terms of w;[;®; in Eq. (7), for all forms of
the phase functions. Because the integration proce-
dure has already been selected, the phase function
may need modifying in order to guarantee conserva-
tion of energy. An accurate integration procedure
results from expanding the phase function in a series
of Legendre polynomials (P,) as follows:

My

@ = >, (2n + 1)b,P,(cos 6;), (9)

n=0

where M, represents the number of terms in the
series and b, are coefficients for the series expansion
of the phase function in terms of the Legendre
polynomials of order n. The cosine of the angle
between discrete directions i andj is evaluated from

Cos Ou = p,,p.J + 8‘8_, + YiYj- (10)

The representation of the phase function in terms of
Legendre polynomials is advantageous in that it
allows for the accurate evaluation of this function
between any two directions based on known discrete
values. When a quadrature set is used in the integra-
tion of Eq. (9), energy conservation may not be
satisfied for values of N that yield reasonable compu-
tational times. To address this concern, the phase
function is renormalized for every wavelength. The
renormalized phase function ®; is obtained from

o 1.8 :

For the wavelengths of interest in the microwave
region, the scattering phase function for the water
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droplets 5 not highly anisotropic,® which thereby
negates .he need to apply the 5-M and scaling meth-
ods.1?

The intensity directed toward the satellite in direc-
tions other than those of the discrete quadrature set
may be found. The intensities from Eq. (5) contain
enough information to describe the entire radiation
field and to evaluate the source term S that is
required for applying Eq. (5) to any sensor direction
(hd, 84, va)- The set of discrete intensities IF are
known thrcughout the entire domain. The intensi-
ties in the direction of the satellite are calculated by
evaluating the boundary intensities from Eq. (8) and
the source terms from Eq. (7), and then applying Egs.
(5) and (6) to obtain the desired output intensities.
This procedure does not require interpolation of the
intensities between the discrete directions.

The brightness temperature for intensity I and
wavelength \ is evaluated from the Rayleigh—Jeans
approximation: '

T, = 15C 12
b~ 2Cl ? ( )
where C; < 1d C; are first and second constants in the
Planck spe-ral blackbody distribution, respectively.
Parameters

Values of scveral model parameters for the atmo-
spheric system shown in Fig. 1 are presented in Table
1. Thecloud thickness (H, — H;) remains a constant
at 0.5 km.® Also, the radiant energy is viewed at a
frequency of 19.355 GHz. The temperature profile
in the atmosphere is given by

T(y) = ey —H) + T}, (13)

where o, is the temperature gradient in the atmo-
sphere (—6.5 K/km) and the temperature at the cloud
top T, is taken as the freezing point of water (273.17

Table 1. Model Parameters

£, 19.355 GHz
A, 1.55 cm
6, 0 deg

Radiative transfer

H, 1-5km ,
T, 273.1 K L.
&, 100% !

Freezing level

D, 0.5 g/m3
H; — H, 0.5 km
L., 19 km

Cloud

Raindrops Ny, 0.16 cm—4

Fmin, 0.0054 cm

T'max, ®

R, 0-300 mm/h

o, 80%
po, 0.6
€9, 0.4

~

Ocean surface
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K). Because the atmospheric ‘temperature varies

with y, all radiative properties depend on y. The
relative humidity ¢ is the ratio of the mass of water
vapor in the air to the mass of water vapor in
saturated air at a given temperature and is assumed
to vary linearly with elevation from the surface value
of &g = 80% to the cloud top value of ¢, = 100%.
Modeling air and water vapor as ideal gases, we
determine the partial pressure of water vapor from

P, = ¢P(T), (14)

where P, is the saturation pressure of water vapor at
temperature 7. The expression for P, as a function
of temperature is given by the American Society of
Heating, Refrigerating and Air-Conditioning Engi-
neers.1?

The raindrop size distribution for the number
density of particles per unit size interval is formu-
lated by using the Marshall-Palmer distribution®:

N(r) = No exp(—Ar), (15)

where N, is a proportionality constant, A is the
exponential parameter, and r is the radius of a drop.
In terms of the rainfall rate R (in millimeters per
hour), the exponential parameter is given by

‘A = 81.56R 021, (16)

To use Eq. (16) in Eq. (15), r must have units of
centimeters. For this study, the raindrop size distri-
bution is scaled with air density® so that the scaled
Marshall-Palmer distribution becomes

_ Da(O)}'“
N(r) = N(r). 17
) [D,,(y) @ 1)
The variation of the local air density D, with y is
taken from Ulaby et al.20

Absorption and scattering are linear processes.
For the atmospheric system under consideration, the
mixture radiative coefficients at altitude y are given
by?20

Y(¥) = v(¥) + ¥(¥) + v), (18)

where the generalized radiative coefficient vy repre-
sents a, s, or B, and subscripts g, ¢, and r refer to
gases, clouds, and rain, respectively. For atmo-
spheric gases, only absorption is considered, and the
absorption coefficient is

ag(y) = an,o(y) + ao,(¥), (19)

where H,0 and O, refer to water vapor and oxygen,
respectively. Expressions for the absorption coeffi-
cients of water vapor and oxygen as functions of
atmospheric pressure, temperature, and water vapor
density are given by Ulaby et al.2° and are not
presented here. The atmospheric pressure at alti-
tude y is calculated from the ideal gas relation by
using the local air density, the gas constant for air,

[ e ———
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and the local temperature from Eq. (13). The water-
vapor density is determined from the ideal gas equa-
tion of state hy using the partial pressure of water
vapor from X« (14), the gas constant for water vapor,
and the tem; rature from Eq. (13). The radiative
coefficients fu. rain are computed from

woly) = fm" QuurN (r)dr, (20)

T'min

where values for rp;, and r,, are cited in Table 1, and
Q. is the absorption, scattering, or extinction effi-
ciency factor for a spherical liquid-water droplet.2!
The efficiency factors are functions of the radius of
the droplet and the complex refractive index of liquid

water. Data for the complex refractive index of:

liquid water are extracted from Lane and Saxton?2
and are functions of wavelength and local tempera-
ture.

The cloud water droplet sizes are taken to be much
smaller than the wavelength of incident radiation,
and, thus, the Rayleigh approximation is valid.2®
For water spheres in the Rayleigh region, scattering
is negligible. The cloud absorption coefficient is
evaluated from

a. = a,D, (21)
where the coc/ficient a; is evaluated from

_6'n'I n?2-1 5
al_)\ mn2+2’ ( )

and D, is the cloud liquid-water content (Table 1).
In Eq. (22), the wavelength X is in micrometers and
the complex refractive index n of liquid water is a
function of wavelength and local temperature.22

Results and Discussion

The three-dimensional raining atmosphere model
and its numerical implementation were validated by
using several one-, two-, and three-dimensional exam-
ples, as discussed by Sanchez et al.1722 These exam-
ples demonstrated that the model is capable of repro-
ducing results from existing studies. The first set of
results considers one-dimensional radiation only.
Subsequent results examine the effects of three-
dimensional radiation and compare the one-difnen-
sional results with three-dimensional results at the
same x—z location and the same atmospheric composi-
tion in the vertical structure. Finally, results are
presented to ecxamine the effects of the viewing
position for t).ree-dimensional radiation.

The first nuinerical experiment considers the effect
of cloud heigl . and rainfall rate on upwelling bright-
ness temperatures detected by the satellite sensor
viewing the cloud top. This experiment is designed
after Wilheit e/ al.? and serves to validate the three-
dimensional model for a plane layer. The three-
dimensional discrete-ordinates method is used to
solve for brightness temperatures.in a one-dimen-

sional system by using the short-cut method devel-
oped by Sénchez et al.?? '

Results are presented in Fig. 3 for plane-layer
brightness temperatures sensed at the cloud top, with
the satellite sensor positioned at nadir. The results
show that, for a given rain rate, brightness tempera-
tures increase with increasing cloud top height.
This trend occurs because the cloud top temperature
is assumed to be fixed, as is the temperature gradient.
As the cloud top height increases, the ocean surface
temperature also increases. The satellite sensor sees
a warmer atmosphere and ocean as the cloud top
height rises. For a fixed cloud top height, brightness
temperatures increase with increasing rain rates,
reach a maximum, and then decrease beyond some
critical rain rate. As the rain rate increases, the
satellite sensor sees the warmer, strongly emitting
raindrops. For higher rain rates, the brightness
temperatures for all the cloud top height conditions
decrease and reach a saturation point. The satura-
tion point is due to the layers becoming optically
thick, and the sensor then sees only the topmost
raining layer. The decrease in brightness tempera-
ture is due to stronger backscattering at higher rain
rates. These results compare favorably with those
presented by Wilheit et al.®

Results examining dimensionality effects are shown
in Fig. 4. For these results, the satellite sensor is
placed at the top and center of a 19 km x 5 km x 19
km atmospheric system, with a 1 km X 1 km rain field
centered beneath the cloud. The cloud top is 5 km
above the ocean surface. For no rain, the brightness
temperature for the one-dimensional model is 197 K.
The results from Fig. 4 show that the brightness
temperatures calculated for the three-dimensional
case are, in general, significantly lower than the
corresponding brightness temperatures generated
from the one-dimensional model.

The difference in brightness temperatures depicted
in Fig. 4 is perhaps better realized from an examina-
tion of Fig. 5, which shows the difference between the
one- and the three-dimensional brightness tempera-
tures for the parameters cited in Table 1. The
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Fig. 3. Three-dimensional model validation of plane layer (20
layers).
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Fig. 4. Dimensionality effects: three-dimensional versus one-
dimensional. )

results show that, for rain rates between approxi-
mately 1 and 100 mm/h, the difference in brightness
temperature is more than 10 K, which is deemed
significant. At higher rain rates, three-dimensional
effects become less important as the raining layers
become optically thick.

The results shown in Figs. 4 and 5 indicate that
three-dimensional effects are apparent even at low
rain rates. For example, for R = 0.3 mm/h, the
difference in brightness temperature between the
one- and the three-dimensional results is ~8 K.
These results are surprising because, at low rain
rates, the scattering contribution from the raindrops
is negligible, and there is no scattering contribution
from the a“mosphere itself. An explanation is given
by conside: g that, in the three-dimensional model,
the ocean reflects a portion of incident radiation.
Therefore, or the three-dimensional radiation re-
sults, the contribution to radiation from a volume of
atmospherc outside the rain area and reflected by the
surface underneath the rain area in the direction of
the sensor is small, thereby yielding a lower bright-
ness temperature.

To verify the effect of the surface reflectance, the
previous experiment was repeated with the ocean

30 —
M X
§ L=
A Rl
s‘é Hi{=5km
A
é 10 |
B
&S
Ol ecami
0.1

Rain Rate, mm/hr

Fig. 5. Dimern ionality effects: brightness temperature differ-
ence.
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Fig. 6. Surface reflectance effect (¢ = 1.0).

modeled as a nonreflecting surface. The results are
shown in Fig. 6 for the one- and the three-dimen-
sional models. The brightness temperatures de-
crease as the rain rate increases. For no rain, the
brightness temperature is 303 K. At low rain rates,
the one- and the three-dimensional results are in
agreement because, in the absence of scattering by
the rain and reflection from the surface, the satellite
receives radiation from a column of atmosphere.
At higher rain rates, the three-dimensional bright-
ness temperatures are lower than the one-dimen-
sional temperatures because of scattering in off-sen-
sor directions. At high rain rates, three-dimensional
effects become small because of increasing optical
thickness of the rain cell.

_ The effects of the rainfield footprint length L, on
the brightness temperature are shown in Fig. 7, with
the sensor looking at the radiant intensity atx = z =
L./2. As the rainfield approaches the size of the
solution domain, the three-dimensional results ap-
proach the one-dimensional results. For example,
when L, = 19 km, the brightness temperature at the
center of the cloud for the three-dimensional model is
264.4 K, which is nearly equal to that for the one-
dimensional model (267.4 K). The neglect of radiant
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Q
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Fig. 7. Effect of rain footprint.
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Fig. 8. Viewing position effects.

energy from the atmosphere outside the solution
domain accounts for this difference.

The last numerical experiment examines the effects
of the satellite viewing position on three-dimensional
brightness temperature calculations. Brightness
temperatures are illustrated in Fig. 8 for satellite
scans along the top of the cloud at z = 7../2 and for
the nadir viewing angle. Results are i1own for rain
rates of R = 2 and 20 mm/h. For comparison, the
brightness temperatures for a one-dimensional atmo-
spheric system are 198 K with no cloud and no rain,
197 K with a cloud but no rain, and 223 K for R = 2
mm/h. As shown in Fig. 8, a rapid increase in
brightness temperature occurs as the satellite passes
over the rainfield. Unless the satellite is directly
over the rainfield, the rain has a small effect on the
brightness temperatures seen by the satellite. For
the higher rain rate, an increase in brizhtness temper-
atureis noticed approximately 5 km from the rainfield.
The brigh*ess.temperature decrease near the cloud
edge is d. = to neglecting radiant energy from the
atmospherc outside the solution domain that is re-
~ flected by ' .e surface. Near x = 5 km, the bright-
ness temperature is 191 K, which is 6 K lower than
that for a one-dimensional atmosphere with no rain.
Again, neglecting radiant energy from the atmo-
sphere that is outside the solution domain and re-
flected by the surface into the direction of the satellite
yields a lower brightness temperature at this loca-

tion. 7
Conclusions v
Microwave brightness temperatures for a three-

dimensional raining cloud over a reflecting surface
have been computed by using a radiative transfer
model based on the discrete-ordinates method.
Comparisons of brightness temperatures from the
three-dimensional model for a plane layer with those
available in the literature for a one-dimensional
model validate the model. Other results illustrate
three-dimensional effects of upwelling brightness tem-
peratures by considering rainfall rate, cloud top height,
and satellite sensor viewing position. The results
indicate that, under certain circumstances, three-

TN T TR T I T SRR T T 2

dimensional effects are significant, and the influence
of the surface reflectance may be important.
Recommendations for future work include an ongo-
ing analysis of three-dimensional radiation effects on
satellite-sensor-based rainfall retrieval algorithms.
It is anticipated that three-dimensional effects may
become even more pronounced at higher frequencies
and for atmospheric conditions in which ice is pre-
sent.45810 The results in this paper show that the
surface reflectance is an important parameter for
determining three-dimensional effects. In view of
this finding, the bidirectional reflectance for the
surface may play a more important role than that
found in previous studies.?* A more accurate repre-
sentation of cloud fields, perhaps using fractals,25
should be explored. Incorporation of a spatial inte-
gration procedure to account for satellite footprint
viewing effects and directions is desirable. Anuncer-
tainty analysis should be developed so that the degree
of reliability of any rainfall retrieval algorithm can be
estimated. Finally, a verification of the three-
dimensional results with actual experimental results
should be performed. :
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